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1 Notes

1.1 Simple Harmonic Motion

1.1.1 Characteristic Equation

Simple harmonic motion (SHM) is the motion of a particle in which
1. its acceleration is directly proportional to its displacement from a fixed equilibrium position
2. it is always directed towards that equilibrium position.

Equivalently, if z(t) denotes the displacement at time ¢, the definity equation of motion is:

d*z
a= g = —w?x (1)

where the angular frequency w = 2nf = 27”
By solving the differential equation, the general equation of motion is
z(t) = C cos (wt) + Cy sin (wt) (2)

for some constants C1 and Cs, depending on the initial conditions.

Equivalently, using the R-formula,
x(t) = xq cos (wt + @) (3)

where g is the amplitude, and ¢ is the phase.
There are other useful equations that stem from the characteristic equation:

e Maximum Values: Vmax = Aw, Gmax = Aw?

o Total Energy: E = %k:A2 = %mw2A2

« Kinetic Energy: K = 2 mv? = $ mw?(A? — 2?)

1 2 ,.2

o Potential Energy: U = %k:mQ =smuw

Example 1.1. Try to derive the functions v(z) and a(v) and then plot them.
Eliminate the time variable with sin? 6 4 cos? § = 1:

v? = A%W? (1 — cos? 9) =w? (A2 -2?) = |ou(z)=+wVA2 - 22|

Use the change-of-variables trick a = v dv/dx. From v? = w?(A? — 2?):

dv  —w?x dv 9

— = = a=v— = —wx.
dx ) dzx

Solving the earlier relation for x in terms of v, x = £,/ A% — 5—22, gives the multi-valued (upper +

or lower — branch) expression
a(v) = Fw?\/ A2 — %Z !

Features of Graphs:
o a(r) straight line: slope —w?; endpoints (z = +A, a = FAw?).
o v(z) ellipse: intercepts at (xr = +A, v =0) and (z =0, v = £ Aw).
o a(v) ellipse: intercepts at (v = +Aw, a = 0) and (v =0, a = +Aw?).
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1.1.2 Physical Problems
To solve such problems, we should always aim to write the equations of motion using N2L.

Example 1.2. A rod of mass m is put on top of two oppositely rotating cylinders with coefficient
of friction u, separated by a distance 2L. The centers of the cylinders are fixed. If the rod is
displaced from equilibrium, describe the subsequent motion of the rod, and calculate a property
of the motion.

O O

Denote the normal reactions at the left and right supports by N1 and Na, respectively. To begin,
suppose the rod was displaced by a distance x from equilibrium to right:

Ny + Ny =mg (vertical force balance),
Ni(L +x) = No(L —x) (torque balance about the centre of mass).

Solving,

N2:mg(L+x)’ Ny =

mg (L — x)
2L )

2L

The magnitude of the kinetic-friction force at each support is puV;.

Fp1 = +pNy  (to the right), Fyo = —puNy  (to the left).

Hence the net horizontal force on the rod is

L—z L+4=x m
F:uNl—,uNQ:,umg( — )z—ugaﬁ.

2L 2L L
miz—%x == dﬁ—i—('lillg)x—&
——

Example 1.3. To tackle problems where the SHM takes place about a shifted equilibrium, we
adopt a general method, illustrated with the following example: A mass m hangs from a vertical
massless spring of stiffness k with zero natural length. Let y be the height from the ceiling to
the mass attached to the spring.

1. Find the static equilibrium:

myg
kyeq:mg g yeq:T-
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2. Define a new variable, displacement about equilibrium:
6y<t) = y(t) — Yeq>
so that dy = 0 at the static equilibrium.

3. Write the new equation of motion:
mij=mg—ky = m(0y+yig) =mg—k(6Y+ yey)
Since yeq is constant, ye, = 0. Substituting in y.q, we get
mdy + k oy = 0.

4. Apply SHM solution:

. k
Sy +w?dy =0, w=4/—,
m

It turns out the frequency stays the same.

Example 1.4. A solid cube of side length b with density p. is floating in a certain liquid with
density p;. It is pushed down slightly then released. You may assume the liquid level stays fixed
(there is no displacement of liquid). Describe the subsequent motion in detail.

Let’s follow the same framework in the previous example. Let hg be the submerged depth of the
cube at rest. Buoyant force = weight:

pg(B*ho) = peg(B®) = ho = %b.

Define a small vertical displacement
dy(t) = h(t) — ho,

measured downward. Thus dy > 0 means the cube is pushed farther into the liquid, and dy = 0
corresponds to equilibrium.

The submerged volume becomes Vi, = b%(ho + 6y); hence the buoyant force is
Fp = pigb*(ho + 6y).
The cube’s weight is unchanged, mg = p.gb®. The net upward force is
Faet = Fp — mg = pigh®(ho + 6y) — pegh®.
Using the equilibrium relation p;gb*hg = p.gb® cancels the constants:
Faet = — pig b? 6y.

Newton’s 2nd Law with mass m = p.b>:

pcb® 0y = —pgb? oy = 5@—}-%(51;:0.

The standard SHM form 8y + w2y = 0 identifies
pLg
w=,/—
peb

Hence the cube oscillates vertically about its equilibrium depth with angular frequency w,
provided p. < p; (so the cube floats).
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1.1.3 Small Oscillations

A common trick very often used to tackle small oscillations is to use the binomial expansion and
take low order terms:

n n(n —1)
(1+2) ’;:0 <k>x + nx + T +

For |z| < 1, higher-order terms become negligible, so to first order

’(1—|—x)”%1+nx.‘

By taking first order terms, we essentially "linearize" many forces, hence many situations become
simple harmonic. However, if your answer does not make physical sense, you might have to
consider a 2nd order or higher term.

Example 1.5 (SPOT TST 2022). Suppose that two point masses m; and mg separated by a
distance r interact via the potential

Now, two identical fixed masses M are a distance 2d apart on a straight line. A third mass m is
free to move along the line segment between them (so the separations are d + x with |z| < d).
Determine, in terms of the symbols introduced, the angular frequency w of the small oscillations
of m about its equilibrium position.

To solve the first part of the question, note that the force corresponding to the given potential is

dU d /kmime NKM1M2

T.n

directed outwards along the line joining the masses (it increases the separation). Hence the
interaction is repulsive.

When the mobile mass m is displaced a small distance = to the right of the midpoint,

kmM N smM
(d+z)"  (d—z)"

U(x) =

Factor out d~" and expand each term with the binomial series:

(dtx)™=d™" (1 + §> B o~ d_”{l F n% + In(n+1) (Z)Q}

Adding the two expansions cancels the linear term, giving

Uw) = 26mMd~"[1+ sn(n + 15| = U +nmM w 2
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Comparing U(x) = Uy + %keﬁﬂjQ with the last line,
keg = 2kMn(n—+1)d-"+2),

2= %keﬁ‘. Hence

ket [26Mn(n+1)
YTV TV anr

The motion is therefore simple harmonic about the midpoint provided the displacement is small
compared with d. We notice here that we had to make a 2nd order expansion - had we expanded
to 1st order, the answer would not have made physical sense. Try it yourself!

For a particle of mass m in a quadratic potential, %mw

1.2 Energy in Oscillatory Systems

Any conservative mechanical system can be described by a potential energy function U(q), where
q is the generalized coordinate. Equilibrium positions ¢q satisfy

dU B
dq g=q,
At these points, there is no net force, since F' = — %

Additionally, note that even though an object is in equilibrium, it may be in unstable or stable
equilibrium. This can be deduced from the second derivative of the potential energy. If U”(¢) < 0,
this indicates an unstable equilibrium. If U”(q) > 0, it indicates a stable equilibrium.

Taylor Expansion around Equilibrium
For small displacements = = ¢ — o about the stable equilibrium, expand U(q) in a Taylor series:

e
@ 2 dg?

dU

U(q):U(qo)er—q

x2+

q0

Since the first derivative at equilibrium vanishes as it is equal to 0 at equilibrium, to second
order:

1
U(q) ~ Ulqo) + 5U"(q0) 2%,
We may drop the constant U(qp) as it does not affect the dynamics. This was explained previously
on page 6 (b).
1. Potential: U(z) = 3 U"(qo) 2 T =q—qo.

_dv _
dr

3. Newton’s 2nd law: mi = F(z) = —U"(g)z = mi +U"(q)z = 0.

2. Force from potential: F(z) = —U"(qo) .

U’ U
4. Compare with SHM: &+ Cr=0 = w?= (QO)’ w = (90) )
m m

Example 1.6. A particle of mass m moves in one dimension under the potential

Ux) = U(% - 1)2,

where Uy > 0 and a > 0 are constants.
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(a) Find all equilibrium points z by solving U’(zg) = 0.
(b) Determine which of these are stable equilibria.
(¢) Using a Taylor expansion of U(x) about the stable equilibrium ¢, show that for small

oscillations the motion is simple harmonic with angular frequency

U//(.,L.O)
m .

(d) Compute U”(xg) at the stable point and hence write down the explicit expression for w in
terms of Uy, m and a.

This example is a direct application of the formulas above.
(a) We have
(l2

U(w) = Uo(% - 1)2 =Up(% -2% +1).

Compute

Setting U’(x) = 0 gives

(b) Next,

Evaluate at each equilibrium:

4
U”(0) = —% <0 (unstable), U"(+a) = U0(12a2 _ %) ==—2>0 (stable).

at a

(c) Around a stable equilibrium xy = +a, we write
U(x) = Ulwo) + 5 U" (o) (x — z0)*.

The effective potential near xg is that of a spring, % mw? (z — x9)?, so

U//(xo) .

mw? =U"(z¢) = w=
m

| 8Ug
w=4\—35"
ma

1.3 Damped/Driven Harmonic Oscillators

(d) Since U”(x0) = 8Up/a?, we get

In reality, many systems are not ideal and are subject to external forces. Forces such as friction
and air resistance that "dissipate" damping lead to damped oscillations. On the other hand,
forces that "force" an oscillation lead to driven oscillations.
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1.3.1 Solving the Damped Harmonic Oscillator
To solve for the equation of motion, we write N2L with the damping force as the net force.

Example 1.7. Consider a typical horizontal mass-spring system with mass m and spring

constant k, but subject to a damping drag force Fy.,y = —bv from air resistance, where b > 0.
Find the general equation of motion.
By N2L,

mi = —kx — bx

keeping in mind that the signs for both forces are negative, since both forces decrease the
acceleration of the mass.

We may rearrange to get a 2nd order ODE:
. bk
i+ —x+—x=0
m m
which can be solved using an exponential guess, z(t) = Aet. (Try it yourself!)

You should obtain
b b2 k

=y
5 2m 4m2 m

and thus, the general equation of motion is
x(t) = Aqestt + Ayes?t

where s; and sy are the two solutions for s, and A; and Ay are constants depending on the
initial conditions.

We usually define the damping coefficient, v and the resonant/natural frequency, wy:

'y:—i>0 (4)

- 2m

wo:—\/g>0 (5)

s=—y+/72—wi (6)

There are three possible cases of damping, depending on the term inside the square root.

and thus, s is usually written as

1.3.2 Case 1: Underdamped Oscillations

Underdamped oscillations occur when v < wg. This means s is imaginary.
In this case, oscillations still exist. We can define the angular frequency as

k b2
S NN B S A
@ wo m  4m?2 (7)
Thus, s = —v £ iw, so we get
x(t) = e (Aj cos (wt) + Agsin (wt)) (8)
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XA

<
-
<

Figure 1: The term in front e~7" is the equation of the decaying envelope. As t — oo, the
amplitude rightfully decays to zero as all energy is lost.

1.3.3 Case 2: Critically Damped Oscillations

Critically damped oscillations occur when v = wg. This means that s is repeated.

In this case, oscillations don’t exist. In particular, this is when the system returns to equilibrium

in the shortest time possible. As s = —v, —7, we have
z(t) = (Ay + Agt) e (9)
XA
(0] t

Figure 2: Critically damped systems decay to zero in the shortest time possible.
1.3.4 Case 3: Overdamped Oscillations
Overdamped oscillations occur when « > wgy. This means that s is real and distinct.

In this case, oscillations don’t exist. We simply have the general form

z(t) = Ajestt + Age?! (10)

0 N~ t

Figure 3: Overdamped systems do not have oscillations and decay to zero.

Example 1.8. Without referring to the steps above, try deriving the equations of motion for
the 3 different cases yourself.
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1.3.5 Solving the Driven Harmonic Oscillator

Again, we write N2L, accounting for the driving force. The driving force is usually sinusoidal in
nature.

Example 1.9. Consider the situation in Example 1.5, but there is now an additional applied
force F(t) = Fycos (wt). Find the general equation of motion.

By N2L,

F
Fycos (wt) — bt — kx =mi = i’+2’y:fc+w§x:—ocos(wt)
m

To solve this non-homogeneous ODE, you would need to consider jomogeneous and Tparticular
where Zhomogeneous 1 given by either Equation (8), (9) or (10) depending on the case of damping.

The sinusoidal form of the RHS means that we should guess
Tparticular = A cos (wt) + Bsin (wt)
By differentiating twice and substituting into the above equation, you should eventually obtain

Ao wi—w?) B 280
(wd — w2)2 + 472(,02’ (wd — w2)2 + 4202

The amplitude of the oscillation, by the R-formula, is thus given by

Fy

19 = VA2 + B%2 = m

\/(wg - w2)2 + 4y2uw2

Thus, the general equation of motion is

Pil}
m

\/(wg — w?)? + 4y202

where all three cases of damping are accounted for by the values of s.

cos (wt + ¢)

— _ s1t sat
l‘(t) = Thomogeneous + Lparticular = Ale 4 A2e 2+

However, all three cases have something in common! They all decay to zero eventually. As
such, we are usually not interested in the homogeneous solution, and we only care about the
particular solution. The particular solution is also called the steady-state solution.
1.3.6 Resonance

Resonance is the state whereby there is maximum energy transfer from the driving force to

the oscillating system.

When there is no damping, resonance occurs when w = wy (i.e. the driving frequency is
equal to the natural frequency).

When there is damping, resonance occurs when the amplitude is maximum. From the form

of zg, we wish to minimise the term in the square root in the denominator, (wg — w2) + 47202,
in order to maximise zg. Thus,

d 2
% ((w% — wz) + 472002) =0 = Wres = \/ w(% - 272 (11)

10
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At the resonant frequency wi.es, the maximum amplitude is

steady state
amplitude of
forced
vibration

iy
m

Tomar = — —m—
271/ wd — w?

(12)

no damping

slight damping
moderate damping
heavy damping

driving frequency

11
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2 Problems

Problems are arranged in roughly increasing difficulty.

Problem 2.1 (SPhO 2018). (i) A horizontal platform vibrates with simple harmonic motion in
the horizontal direction with a period of 2.0s. A small object placed on the platform begins to
slide when the amplitude of vibration reaches 0.4 m. Calculate the coefficient of static friction
between the object and the platform. (ii) The platform now executes vertical simple harmonic
motion with a period of 1.5s. What is the maximum amplitude of the motion if the object were
to be in contact with the plate throughout the motion?

Solution. (i) The object slides when the static friction is no longer strong enough to ensure the

acceleration of the object matches the acceleration of the platform.

The maximum static friction between the object and platform is f = pumg. For SHM, the
maximum acceleration is @y = w?A. Hence,

S

2
2A A
pmg = mw?A = ,u:w :( ) = 0.40
g g

(ii) To stay in contact, the normal force must be positive. At the extreme case, we may set the
normal force to be 0, thus the maximum acceleration of the block must be equal to —g at the
highest point. Hence,

T 2
WA=g = A= — (2) = 0.56m

w? T

Problem 2.2 (SPhO 2011). A large block, with a second block sitting on top, is connected to a
spring and executes horizontal simple harmonic motion as it slides across a frictionless surface
with an angular frequency w. The coeflicient of static friction between the two blocks is ps.
Determine the maximum amplitude of oscillation if the upper block is not to slip.

Solution. Since the blocks are moving together, it is essentially a spring-mass system with mass

M + m, where M and m are the masses of the large and small blocks respectively.

Thus, the angular frequency of oscillation is

ook K
- Mtot_ M+m

The maximum acceleration of the top block is @mes = w?A. This corresponds to the maximum
frictional force fpq: = psMg. Hence, the maximum amplitude is

Hsg
A=
w?

Problem 2.3 (SPhO 2004). A T-shaped structure is formed from two uniform rods, A and
B, each of length L and mass m, as shown below. A point mass m moves horizontally at right
angles to rod A, strikes the end of rod B with an initial velocity V' and sticks to it. (i) Find the
position of the point on the T-shaped structure which remains stationary. (ii) Determine the
angular velocity of the system immediately after the collision. (iii) Sketch the positions of the
T-shaped structure in its subsequent motion. (iv) Determine the change in kinetic energy of the
system as a result of the collision. (v) The point mass m is now removed, and the T-shaped
structure is suspended from the free end of rod A and allowed to move freely in the plane of the
"T". Determine the period of small oscillations.

12
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t ' B

Solution. Let us define a coordinate system where the point of intersection of the rods is at the
origin (0,0). We can calculate the position of the CM right after collision:

m(-5) 1 m(3) 1
3m 6 M7 T3, T 6

and, applying the parallel axis theorem, the MOI of the system about the CM is

SR (OROIE S CRONORO)

1

rcMm =

= —mL?
5
(i) As no external force acts on the rods+mass system, by COM,
%4
mV =3mvoy = vom = 5
As no external torque acts on the rods+mass system, by COAM about the CM,
L 1 14
mV (6> = lopywonm = §mL2wCM = WoM = 37 = UZM

The point that remains stationary is the ICOR. At this point, the velocity vectors due to voas
and rweps must cancel out, where 7 is the distance from the CM to that point.

Clearly, this point is L above the ICOR in the y-direction. Thus,

Position of ICOR: (—L, 7L>
6" 6
(ii) From above, we already found that
w, — K
CM = 3L

(iii) A sketch that shows that the whole structure is rotating about the ICOR is correct.

)

13
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(iv) The change in KE is just

1 1 1 11
AK = B (3m) vé,; + §ICMw%M - imV2 = —%mv2
(v) The MOI of the structure about the pivot (which is the free end of rod A) is
1 1 17
Tu— 22+ —mI2 12— L2
AT gmbi Tl mEs =

The CM is at a distance d = % from this point. Thus, using the period of a physical pendulum,

17L
18¢g

Problem 2.4 (SPhO 2005). A small thin disk of radius r and mass m is attached rigidly
to the face of a second thin disk of radius R and mass M, as shown below. The centre of the
small disk is located at the edge of the large disk. The large disk is mounted at its centre on a
frictionless horizontal axle. The assembly is rotated through an angle 6 from its equilibrium
position and released. (i) Find the speed of the centre of the small disk as it passes through the
equilibrium position. (ii) Determine the period of small oscillations.

Axle

Solution. You actually need some grasp of rotation to solve this problem.
(i) The MOI of the whole set-up about the axle is
1 2 Lo 9 2
I=Ig+ 1, = §MR + §mr +mR

where we invoked the parallel axis theorem for the small disk.

Equating the change in GPE to the change in KE (accounting for rotational KE),

L 2 1 —cosd 2 1— cosd
mgR (1 —cosf) = —Iw? = w= \/ mgR (1 — cos6) . ng(1 cos 0)
2 1 s MR? + 3mr? + mR?

(ii) For small oscillations, 6 is small. Thus, using cosf ~ 1 — %, the GPE at angle 0 is
1 2 1 2
Uy =mgR (1 —cosf) = §ng9 = §keff9 y kepr =mgR

The rotational KE remains as

1 1 . 1 .
K= 5[&)2 = 5192 = §meff92, Meff = I

Hence, the angular frequency of small oscillations is

0= keff . ng _ ng
“Nomey VT T TMR? 4+ imr? + mR2

14




FIZIKA SPhO Handouts

and the period is hence

T=2
Q

2 %MR2 + %mrQ + mR?
=27
mgR

Problem 2.5 (SPhO 2002). A solid sphere with radius r and mass m rotates inside a fixed
hollow sphere of radius R, as shown below. Calculate the period of small oscillations about the
equilibrium, assuming that the sphere rolls without slipping. The moment of inertia of the solid

sphere about its central axis is %mrQ. (You'll need to know some rotation for this problem.)

Solution. Since we presented the energy method for the last problem, let’s present the force
method for this one.

The forces acting on the sphere are labelled as such:

Writing N2L in the tangential direction and using small angle approximation,
mgsind — f =ma = mgh—f=ma
Writing the net torque on the sphere,

fr=Ia=-mr’a = f= mra
) 5
The non-slip condition is

a=(R—-1)a
Combining all these results, and being careful with signs, you will get

g0 = w= ]9 L Ty,

é+7(R—r) 7T(R—r) w 5g
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Problem 2.6. In the Cavendish experiment the two small balls have mass m each and are
connected by a light rigid rod of length L. Two large balls have mass M each and their centres
are also separated by the same distance L. The torsion constant of the suspension fibre is k.

(a) Large balls absent. Find the period of the torsion pendulum.

(b) The large balls are placed a small distance away from the small balls. After a static
equilibrium is reached the rod has rotated through a small angle 6 and the centre—to—centre
distance of each pair is r (see figure). Derive an expression for the gravitational constant
G in terms of L, r,  and the period T from part (a).

(c) If the small balls are perturbed through a small angle about the equilibrium in (b), deter-
mine whether the motion is simple harmonic when first-order changes in the gravitational
force are included, and obtain the resulting period.

e

Torsion wire

Solution. We first find the moment of inertia of the system. Each small ball is at distance L/2
from the torsion fibre, hence
L\? mL?
I =2m(—-)| = —.

2

(a) For torsional motion 16 + k6 = 0 so

I L2
Ty = 2my| — = 271'”m7.
K 2K

(b) The gravitational force between one large-small pair is F = GmM/r?. Because it acts
essentially perpendicular to the rod, each pair supplies a torque F'(L/2); both pairs add, giving

_ GmML

Tg 5

r

At equilibrium this equals the torsion torque, xf = GmM L/r?. Eliminate x via the period found
in (a): k= (21/Tp)? I = (27)?>mL?/(2T¥). Substituting and solving for G,

_ 272 L2

=—¥10]
¢ =

(c) This part is on small oscillations about a shifted equilibrium. Write the angular displacement
as 0(t) = 6y + ¢(t) with || < 0. Note here that 0 is defined with respect to the position of
zero rotation of the suspension fibre, and 6 is the value of 6 calculated in (b), the equilibrium
amount of rotation. A small additional rotation by ¢ shortens each separation by Ar ~ — L, so

r(0) ~r — L.

16
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The gravitational torque becomes

ML ML L
Gm NGm <1+2cp>’

Ty

r

where the binomial expansion (1 —x)72 ~ 1+ 2z (z < 1) is used.
The net restoring torque is therefore

2GmM L? GmML?
B s

Thet = —k(0o + ) + 79(90) + r3

3

Using the equilibrium condition kg = GmM L/r? to cancel constants,

GmMI? < L00>
k————— =fk(1— )

rd r

Hence

I mL2r
T=9rn|— " —op [ T
" k(1 — o) "\ 26 (r — Lbp)

which, replacing the theoretical 6y by the measured deflection 6, gives:

The period becomes

mL2r

T —om, | —1T
T 2r(r — LO)

Thus the motion about the shifted equilibrium is simple harmonic, but with a slightly lengthened
period due to the finite gravitational interaction.

Problem 2.7. A solid cylinder of radius a and length ¢, made of a lightweight material of
uniform density d, is floating in seawater of density p. The gravitational acceleration is g. If
the system is in equilibrium, write the expression relating the equilibrium tilt angle 8 to the
parameters a, ¢, d, p, and g. The cylinder is then given a small downward perturbation from
equilibrium, find the frequency of the resulting small oscillations. You may express your answer
in terms of the equilibrium angle 6.

Solution. This problem is modified from IPhO 1995.
(a) Equilibrium immersion angle

We first find the submerged volume. For a circular segment of central angle 6, the cross-sectional
area below the water line is

[\
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Hence the displaced volume is

a®t
V()= A0)¢ = > (0 —sinf).

The cylinder’s weight and the buoyant force must balance:

9 a?l .
dra“lg= pgV(0) =pg— (0 —sindh).
——— —— 2

weight buoyant force

Cancelling the common factors a?fg gives the relation

2dm = p(0 —sind) .

(b) Frequency of small vertical oscillations

We now give the cylinder a small vertical displacement y (positive downwards) from its equilibrium
position, keeping it horizontal at all times. Both the immersed volume and the buoyant force
change, giving a restoring force.

For central angle 6 the water line (a horizontal chord) lies a vertical distance

0
h=a cos(f>
2
above the cylinder’s centre. A small downward shift y reduces this distance, so

2dy

dh a 6
( asin(6/2)

dh = — dy, @:—5s1n5) — df =

Differentiate the displaced area:

dA  a? 9 . o0
@—?(1—COS0)—CL Sin (5)
Hence

dA dA df , 2 )
0~ ar a8 e ()

Because V = A/, the rate at which displaced volume changes with y is

dv = 2al sin(%),

dy
so the incremental buoyant force is
dFy dVv N7
@ = pg d—y = 2pgal 5111(5).

18
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Now we want to get the equation of motion. For small oscillations (y < a) the net restoring
force is linear:

de - (0
Fhet = _d7y y=—ky, k = 2pgal s1n(§).

With mass m = dra®l, N2L gives

. k 2pgalsin(6/2)  2pg .
_ 2 _ N _ — [%
mj+ky=0 —= w” = = -y = s1n(2>.

L w 1 2p9 . /o
f_27r_27r dﬂasm(Q) i

Problem 2.8 (SPhO 2014). Problems involving springs often consider the springs to be massless.
Of course, this is not true in reality. Here, we consider a spring of mass M, equilibrium length
Ly and spring constant k. One end of the spring is fixed to a wall, and a mass m is attached
at the other end of the spring. Neglecting gravity, determine the period of oscillations of this
system. (Hint: Consider energy. How do you find the kinetic energy of the spring?)

Solution. As mentioned in the hint, we shall calculate the total KE of the system, to find meyy.
One end of the spring is fixed to a wall and stationary, while the other end of the spring

is moving at speed v. For a linear spring of current length L, the speed of a point at a distance
x (where 0 < z < L) is given by

v
=T
Thus, the infinitesimal KE of one segment is
1 1 /M v
dK =5 (dm)v; = 5 (L dw) (L)

Integrating across the whole spring,

L1 /M vz\?  Mo? L, Mv? (L3 1 5
e o= 30) (2] 35 [ 82 () L

Thus, the total KE of the system is

1 1 1 M 1 M
K = éMv2 + §mv2 =3 (m+ 3) v? = EmefoQ, Meff =M + EY

Thus, the period of oscillations can be determined:

k k 2 M
w= = i T:£:27T mt

Remark. This result only holds well when M << m, but this is physically sound anyway (you’d
expect springs to be very light).

Problem 2.9 (Cahn). A particle of mass M is constrained to move on a frictionless horizontal
plane. A second particle of mass m is constrained to a vertical line. The two particles are
connected by a massless string which passes through a hole in the plane. The system is set-up
so that the mass M moves in a circle of radius r, while the mass m remains still. Show that
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this motion is stable with respect to small changes in 7, and find the angular frequency of small
oscillations.

Solution. Firstly, the angular momentum of mass M is conserved, since the tension acts radially
and hence there is no net external torque. Thus,

. . L
L=Mr*f = 0=
" M2
At equilibrium,
T:MT'LUQng = w = %‘i = L:m'r'Qw:mrQ %‘i

Writing N2L in the radial direction for M,

—T:M(f—r9'2):M<]\/[L2;—f>

Be careful with the signs here! The net force is —7" as tension acts radially inward.

Writing N2L in the vertical direction for m,
T—mg=mi = T =mg+ms

Again, be careful with the signs here! mg decreases r while T' increases r, which explains the
signs in the N2L equation.

Thus, substituting T" into the other equation,

L? . . L?
MT3—MT7" = (M+m)i= mg

mg —+mr = =3

Now, we imagine replacing r with r + 8§, where § << r. Then, § = #. Thus,

L? _ L? 5\ 8 L2 36
(M m)8 = 37 48 —mg = (145) =g 5 (127 ) < mg

Rearranging, we find that

a1t
Mr4 M3
Hence, this is a SHM with angular frequency

B 3L2 B 3 0 2Mg\ _ 3mg
Q_\/Mr4(M+m) _\/Mr4(M+m) (M " Mr) _\/(M+m)r

(M +m)é + mg
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Problem 2.10. Two point masses of mass m are connected by a spring of spring constant k£ and
relaxed length ¢. The two masses both have an initial velocity v and the spring between them
remains at its relaxed length. These masses then travel towards an identical setup (consisting of
two masses connected by a spring) on a frictionless, horizontal table. If these four masses are
aligned and undergo perfectly elastic, head-on collisions:

k k
V V

1. Determine the equations of motion of the masses after the first collision and before the
second collision.

2. Determine the elapsed time between the first and second collisions, and show that there
will be only a total of two collisions.

Solution. Because all four masses are identical and the first impact between the inner two masses
is perfectly elastic, they simply exchange velocities. Let the masses be numbered left to right
mi, ma, m3, my and let the positive Z—direction point to the right. Just after the first collision
we have

1 =, T =0, T3 =", x4 = 0.
The two systems thus look identical, with both left masses possessing velocity v and right masses

with zero velocity. Consider the left system (my, mso); the right one behaves identically. Introduce

x1  (left mass), y2 = w9 (right mass),
y2 —y1 — £ (spring extension from rest).

1
U

Hooke’s law supplies equal and opposite internal forces +ku so that
miy = +ku, mije = —ku.

Subtracting gives the relative equation of motion

[aretu=nl  w=y%
m

Right after t =0
u(0) =0, W0)=92—91=0—v = —v.

Solving the SHM with these data yields

u(t) = —% sin(wt) = —v\/g sin( % t).

The next collision occurs when the inner two masses again meet, i.e. y» = y3. For the left dimer

that translates to u = —/ (a full spring compression). Setting u(t.) = —¢ gives
v . b
—{ = ——sin(wt,) = sin(wt;) = —.
w

But the two dimers were initially spaced by exactly their relaxed length ¢, so fw/v = 1; therefore

te=—=m/= |

w 2k
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Insert ¢. into the centre—of-mass and relative motions:
. v . v
9n(t) =v+ 3 cos(wt), y2(t) = 0— 3 cos(wt).
At t =t., cos(wt.) = —1, giving
91 =0, U2 =v (just before impact),

with the right dimer yielding the mirror-image (23 = 0,24 = v).

A second elastic collision again swaps the velocities of the inner pair. Hence
21 =0, &g =v, &3=0, 24 =v (after impact).

The initial kinetic energy of masses m; and my has been fully handed off to ms and my4. The
two moving masses now recede from one another, so no further collisions are possible.

Problem 2.11 (Ricardo). A particle moves on a frictionless cone. The cone is fixed with its tip
on the ground and its axis vertical. The cone has a half-angle of a. Let the particle move in
a circle of radius ro. (i) Find the frequency w of the circular motion. (ii) Let the particle be
perturbed slightly from this motion. Find the frequency €2 of oscillations about the radius ryg.

N

Solution. You need prior knowledge of rotation and angular momentum to solve this problem.

(i) Normal and gravitational forces act on the particle. Writing N2L, we have

Nsina =mg, Ncosa =mrow?> = tama:L2 = w= S
Tow ro tan o

(ii) Here, it is much easier to use energy. We write the KE and GPE:

1 1 -\ 2 o\ 2 mgr
K = — 2 = — et
9" 2" <(T9) + <sina> ) » U tan o

where we have worked in polar coordinates, r and 6.

Additionally, angular momentum of the particle is conserved, since no net external torque

acts on it:
L

mr

Substituting this into the KE expression,
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Now, since total energy is conserved as there are no dissipative forces,

dE d d (1 L2 +2
—0 = “(K+U)=0 = <m< + )+mgr>=o

dt dt dt \ 2 m2r2  sina tan o

. L? g .9
r= 33 sin” «
mer tan o

Now, we shall use the small perturbation method, as introduced earlier. Set r = roy + §, where
0 << rg. Then, # = . We can also perform binomial expansion:

L? L? 5 L? s\ L? 36
m?2 (rg +0)°  m? (ro+9) mrg ( " 7“0) mrg ( 7’0)

Let’s start to simplify everything. The angular momentum is

L2
L =mrgv = mr%w = mr% S = —S3= J
o tan a mery tan

Thus, substituting this into the earlier expression,

.2
5——398111(15——<3gsinacosa)5 = 5+(3gsinacosa>6—0
o tan « T0 70

Hence, this is a SHM with angular frequency

39 .
Q= —gsmacosa
70

Problem 2.12 (Morin). Two particles of mass m are constrained to move along two horizontal
frictionless rails that make an angle 26 with respect to each other. They are connected by a

spring with spring constant k, whose relaxed length is shown below. What is the frequency of
oscillations for the motion where the spring remains parallel to the position shown?

k
m m

Solution. Let x be the distance that each mass has moved along the rail, relative to equilibrium.

2kxsin® 2kxsin ©
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The spring force 2kx sin 6 acts on each mass, in the direction parallel to the spring. Thus, the
component of the force along the rail is F,q; = 2kx sin? 6.

Writing N2L, we have

2k sin? 0 2k sin2 0 |2k
mi = —2kxrsin® = i—i—&x:() = w:\/SlT: —sin 6
m m m
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3 Advanced Problems

Problem 3.1. A spring with relaxed length zero and spring constant k is attached to the ground.
A projectile of mass m is attached to the other end of the spring. The projectile is then picked
up and thrown with velocity v at an angle 6 to the horizontal.

1. Geometrically, what kind of curve is the resulting trajectory?
2. Find the value of v so that the projectile hits the ground traveling straight downward.

Solution. Let the anchor of the spring be at the origin. The total force on the particle is

F = —kr — mgy = —k(r —rg), wherery= %y
Thus the particle experiences an effective spring force about equilibrium at rg. In two dimensions
each of z and y executes simple harmonic motion of the same frequency w = /k/m, so the
trajectory is a portion of an ellipse whose center is displaced by mg/k below the launch point.
In the horizontal direction,
vz (t) = (vcosb) cos(wt),

which first vanishes when wt = 7/2, i.e. after a quarter period. At that instant the particle
returns to ground level, so its vertical displacement from equilibrium must be zero. Vertically
the motion is simple harmonic about yeq = mg/k, so write

vy (t) = vo cos(wt + ).

The initial phase is ¢, and just before impact the vertical velocity is reversed in sign, corresponding
to phase m — ¢. Since impact occurs a quarter period later,

T T
(7T_¢)_¢—§ = CZS—Z
Matching v, (0) = vsiné and ©,(0) = —g gives
v cos ¢ = vsinb, —vywsing = —g.

Dividing these equations,

tang =

L, and since tan¢ =1, v = g__ g = \/ﬁ 9 |
wuvsinf wsing  /k/m sinf k sin@

Problem 3.2 (SPOT TST 2017). A point object of mass m slides on a frictionless parabolic

curve in a uniform gravitational field g. The curve shown below has equation y = %2 where L is
a constant.

1. (a) Derive an expression for the total energy Eparabolic Of the point object, as a function

. . dx
only of z and &, where & = 7.

(b) Show that the motion of the point object is only approzimately simple harmonic, and
find the period Thipprox-
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2. Instead of the frictionless parabolic curve, we wish to find the frictionless tautochrone'

curve, on which a point object will oscillate with the same period regardless of where it is
released from. Let this common period be Tj.

(a) Define the arc length s as the distance along the curve from the origin. Derive an
expression for the total energy Eiautochrone Of the point object, written as a function
only of s and s.

(b) Deduce the parametric equations defining the tautochrone curve, i.e. expressions z(0),
y(6) where the angle 6 is related to the slope of the curve by

tan 6 = @

dx

Solution. We deal with the cases separately
1. Motion on the parabolic track y = 2%/L
(a) Total energy in terms of x and i.

Along the curve y(z) = 2?/L,

. dy . 2x . 2 .9 .9 .2 4.%'2

A LA S R A O
Hence

e R S Rt WL _

parabohc(xvx> - 2mx + 1.2 + L (y(O)—O)

(b) Small-amplitude approximation.

For |z| < L the factor (14422/L?) is ~ 1 and the Lagrangian L = T —V may be truncated
at first order in x:

L ~ %m:z:2 % 2
The Euler-Lagrange equation then reads
2 2
mi+$$:0:>ji+w2xzo, w = fg

Thus the bead executes approximate simple harmonic motion with period

L
Tapprox = 27 % .

2. Tautochrone (cycloidal) track with common period Ty
Let s denote arc length measured from the lowest point (s = 0).
(a) Energy in terms of s and $.

To obtain a constant period Ty for all amplitudes, the motion in s must be strictly simple

harmonic:
2

. 2
=0, = —.
S+ w’s w D

1On a tautochrone curve, a point object will oscillate with the same period regardless of its release point (i.e.
period independent of amplitude, just like a simple harmonic oscillator).
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Projecting mg along the tangent (sin component) gives ms = —mgsin = gsinf =
w?s. Since dy/ds = sin 6, integrate to find y(s) = (w?/2g) s%. Therefore

. 1, :2 1, 2.2
Etauto(s,8) = gms~ + mws”|.

(b) Parametric form of the curve.

From gsinf = w?s we have s = (g/w?)sin 6, ds/df = (g/w?) cos§. Using ds? = dx? + dy?
and tan 0 = dy/dx:

dr _ S _ 9 o W _ g™ 9
dH—COSHdQ—WZCOS 0, de—tanﬂde—wzsmﬁcos&

Integrating from § = 0 (lowest point) and defining R = g/(4w?) = ¢gT¢2/(1672),

z(0) = R(20 + sin 20) ,
y(0) = R(1 — cos26).

These equations describe an inverted cycloid, the classical tautochrone first discovered by
Huygens; a bead released from any height reaches the bottom in the same time Tj.

Problem 3.3. A heavy bob is often used to stabilize buildings in the event of earthquakes. Let
us consider a related problem. Two masses mq and my are stationary on a horizontal, frictionless
plane and are connected by a spring of spring constant k. Suppose a force

F(t) = fcoswt

is exerted on my, in the direction of the line joining the two masses. Determine the value of k
for which the particular solution to the equation of motion of m; yields an oscillation of zero
amplitude. There is no damping.

FO) . fovoooe| ™2

Solution. Since the motion is purely one-dimensional, choose the z—axis along the line of
motion and let x1(¢) and x2(t) be the displacements of masses my and my from their respective
equilibrium positions. The relaxed length of the spring can be taken as zero. The equations of
motion are

my iy = feoswt + k(zg — 1), moiy = —k(zg — ).

Multiply the second equation by m; and subtract the first multiplied by mo to eliminate the
spring term:
mima(Ze — 1) = — k (m1 +ma) (x2 — 1) — ma f coswt.

Define the relative coordinate v = zo — 1. Then

k
mims mi

To find the particular solution, replace coswt by the real part of e®* and solve

Gt Pum e g Rlmtma)
my mims
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Assume u = A ™!, Substitution gives

AR 2A— -t a_ ms f .
my mimow? —k(my +msz)

Hence the real particular solution is
u(t) = Acoswt.

Finally, substitute u back into the mjx;—equation,

cos wt.

k
m1 & = feoswt+ku = S.C'lzicoswt—l— 2m2f
my my (mimg w? — k(my + mz))

These two terms cancel when

2

k=mow

yielding no net forced response of xy.

Problem 3.4 (Ricardo). The curve y = b (%))‘ is rotated around the y-axis with constant
frequency w, and a,b > 0. A bead moves without friction along the curve. Find the frequency of
small oscillations about the equilibrium point. Under what conditions do oscillations exist?

y

e

b+

Solution. Let’s present a solution that primarily uses energy. We go into the rotating frame of
the curve.

In this frame, the bead only moves along the curve. Thus, the total KE is

1 1 1 dy\?
K = gmo? = gm (8 +3%) = gm (““’” (%) )

whereby the last equality was obtained using the chain rule on 3.

We can calculate % using the equation of the curve:

dy bl
der a)

hence, the expression for K is

(e (- (%))

For the total PE, recall that we must consider both gravitational and centrifugal PE. Thus,

1 Al
U =mgy — §mw2x2 = mgb (Z) — §mw2x2
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With this, we can answer the first part of the question. Equilibrium happens when % = 0, thus

1
d b 2 A\ 22
U myg A =0 = x()_(wa)

dr o Agb

To proceed with the second part, we can find k. ff using the second derivative of U at the
equilibrium point:

U mgbAh(A—1) ,_, 9
i o) T — mw
d2
keff:d—g = mw? (A — 1) — mw? = mw? (A - 2)
x

r=x0

Going back to the kinetic energy, we can now find m.yss by setting K = %meffjﬂ:

dy 2 wlz ?
0

= 1 _— =

Meff m(—i-(dxx:m)) m(l—i—(g))

Thus, the angular frequency of oscillations is

m - 2, \2) 20 —1)a2M\ T3
I m (e (5)°) 1 ()T

From the expression of €0, evidently, oscillations only exist when A > 2.

Q:\/keff_ mw?(A—2) w2 (A —2)
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